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We analyze the generation of terahertz radiation when an intense, short laser pulse is mixed with its
frequency-doubled counterpart in plasma. The nonlinear coupling of the fundamental and the frequency-
doubled laser pulses in plasma is shown to be characterized by a third order susceptibility which has a time
dependence characteristic of the laser pulse durations. The terahertz generation process depends on the relative
polarizations of the lasers and the terahertz frequency is ��1 /�L, where �L is the laser pulse duration. Since
the laser pulse duration is typically in the picosecond or subpicosecond regime the resulting radiation is in the
terahertz or multiterahertz regime. To obtain the third order susceptibility we solve the plasma fluid equations
correct to third order in the laser fields, including both the relativistic and ponderomotive force terms. The
relativistic and ponderomotive contributions to the susceptibility nearly cancel in the absence of electron
collisions. Therefore, in this terahertz generation mechanism collisional effects play a critical role. Consistent
with recent experimental observations, our model shows that �1� the terahertz field amplitude is proportional to
I1

�I2, where I1 and I2 are the intensities of the fundamental and second harmonic laser pulses, respectively, �2�
the terahertz emission is maximized when the polarization of the laser beams and the terahertz are aligned, �3�
for typical experimental parameters, the emitted terahertz field amplitude is on the order of tens of kilovolts/cm
with duration comparable to that of the drive laser pulses, and �4� the direction of terahertz emission depends
sensitively on experimental parameters.
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I. INTRODUCTION

Terahertz radiation sources have a number of applications
ranging from imaging and terahertz spectroscopy, to chemi-
cal and biological detection �1,2�. A variety of processes can
be used to generate terahertz radiation. Terahertz sources in-
clude: multicolor laser photoionization processes in air
�3–18�, photoactivated semiconductor switches �19,20�, as
well as gyrotron-based sources �21,22�.

Terahertz radiation in plasmas has been observed in vari-
ous experiments employing two laser beams, one at the fun-
damental and the other at the second harmonic. These
plasma-based sources of terahertz radiation have the advan-
tage that they can be scaled to high peak powers. In the
experiments of Xie, et al., it was observed that the properties
of the emitted terahertz radiation are consistent with four-
wave mixing in a plasma, i.e., the terahertz energy is propor-
tional to I1

2I2 and the terahertz emission is maximized when
the polarization of the laser beams and the terahertz are
aligned �9�.

A terahertz generation mechanism based on tunneling ion-
ization of a gas by two-color laser fields has been proposed
�10,11�. In this mechanism the ionized electrons acquire a
nonzero drift velocity which results in a current density ca-
pable of generating terahertz radiation.

In this paper an alternative two-color terahertz generation
mechanism, shown schematically in Fig. 1, is described and
analyzed. In this mechanism the interaction of the two laser
beams in a plasma leads to the generation of a nonlinear
current density with a component that can drive radiation in
the terahertz regime. The nonlinear current density in general
has contributions from both ponderomotive forces and rela-

tivistic effects. For the parameters of interest, where colli-
sions are important, the relativistic contribution is small
compared with the ponderomotive contribution. We use the
terahertz driving current to determine the electromagnetic
field characteristics such as spectral intensity, electric field
amplitude, energy, and directionality.

Our terahertz generation model is presented in Sec. II. We
derive the terahertz driving current density which consists of
ponderomotive and relativistic contributions and discuss the
role of collisions. In Sec. III, we calculate the properties of
the emitted terahertz radiation, i.e., the spectrum, spatial dis-
tribution, and total energy. Section IV presents numerical
results and discusses them in relation to experimental find-
ings, and Sec. V is a summary.

II. TERAHERTZ GENERATION MODEL

The model for terahertz radiation generation considered
here assumes that the laser beams propagate in fully ionized
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FIG. 1. Schematic of the two-color laser/plasma terahertz gen-
eration process. The fundamental �E1� and the second harmonic
�E2� transversely polarized laser fields copropagating along the z
axis in a fully ionized plasma. The fundamental frequency is �o and
the angle between the polarizations is �.
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air. In this section we determine the current density respon-
sible for terahertz radiation making use of the one-
dimensional, relativistic, cold fluid equations. The funda-
mental and the second harmonic laser fields are assumed to
be copropagating and transversely polarized, with an angle �
between their directions of polarization as shown schemati-
cally in Fig. 1. The fundamental frequency �o is assumed to
be large compared with 1 /�L, where �L is laser pulse dura-
tion. The coupling of the laser pulses generates a low-
frequency ��1 /�L� current density that can radiate in the
terahertz regime for the parameters regime considered here.
By solving the electron fluid equations to third order in the
laser field amplitude we find that the terahertz driving current
contains contributions from both relativistic and ponderomo-
tive effects. However, we show that in the parameter regime
�o���1 /�L, where � is the electron collision frequency,
the ponderomotive contribution to the driving current far ex-
ceeds the relativistic contribution and constitutes the main
current density for radiation at terahertz frequencies.

A. Laser fields

The two laser pulses with frequencies �o and 2�o propa-
gating in the z direction are represented by the vector poten-
tial

A�z,t� = �1/2�A1�z,t�exp�i�1�z,t��ê1

+ �1/2�A2�z,t�exp�i�2�z,t��ê2 + c.c., �1�

where �1=k1z−�ot, �2=k2z−2�ot, k1= ��o
2−�p

2�1/2 /c, k2
= �4�o

2−�p
2�1/2 /c, �p= �4	e2n /m�1/2 is the plasma frequency,

e is the magnitude of electronic charge, m is the electron
mass, c is the speed of light, and n is the electron density.
The transverse unit vectors ê1 and ê2 define the polarization
of the laser pulses and the angle between the polarization
vectors is �, i.e., ê1 · ê2=cos �. The laser envelopes A1 and
A2 vary slowly in time and space compared to 1 /�o and
c /�o, i.e., �o�1 /�L, where the laser pulse durations are as-
sumed to be the same and equal to �L.

B. Terahertz driving current density

The transverse electron current density that drives the
terahertz radiation, correct to third order in the laser field, is
given by the low-frequency �dc� component of

JTHz = Jpond + Jrel, �2�

where Jpond=qn�2�v�
�1� is due to electron density modulations

arising from the ponderomotive force and Jrel=qnov�
�3� is due

to relativistic effects. In these expressions n and v� denote
the electron density and transverse fluid velocity, respec-
tively, the superscripts denote the order of the quantity with
respect to the laser amplitude, and q=−e is the signed elec-
tronic charge. In the present one-dimensional �1D� model
there is no second-order transverse velocity or first-order
electron density perturbation.

C. Electron fluid velocity

The relativistic momentum equation for the electron fluid
is given by dp /dt+�p=q�E+v
B /c�, where p=�mv, m is

the electron mass, v is the electron fluid velocity, �= �1
−v ·v /c2�−1/2, and � is the electron collision frequency. We
write the total electric and magnetic fields �due to the lasers
and the plasma�, in terms of the scalar and vector potentials,
i.e., E=−��−c−1�A /�t and B=�
A. Expanding the mo-
mentum equation to include contributions that are third order
in the laser fields gives

� �

�t
+ v · �+ ��v = − c2 �  − c

�a

�t
+ cv 
 �� 
 a�

+
�v · v�

2c

�a

�t
+

v

c2�v ·
�v

�t
� , �3�

where, a=qA /mc2 and =q� /mc2 are the normalized vec-
tor and scalar potentials. On the right side of Eq. �3�, the first
three terms represent the Lorentz force and the last two terms
are relativistic contributions. The scalar potential, which
results from the ponderomotively driven electron density
perturbations, is second order in the laser fields. The trans-
verse velocity, from Eq. �3�, correct to third order in the
laser fields, is written as v�=v�

�1�+v�
�3�. For a linearly polar-

ized fundamental Gaussian laser beam with spot size rL,
	a	=8.6
10−10���m��I�W /cm2��1/2 and the power is
P�GW�=21.5�	a	rL /��2.

1. Current density due to ponderomotive effects

The first-order transverse velocity is given by �� /�t
+��v�

�1�=−c�a /�t, whose solution, for �o�� ,1 /�L, is

v�
�1� = − c�1 − i�/�o�a1 − c�1 − i�/2�o�a2. �4�

The second-order electron density and axial electron ve-
locity are given by �n�2� /�t+no�vz

�2� /�z=0 and �vz
�2� /�t

+�vz
�2�=−c2� /�z+c�v�

�1�
�
a�z, respectively, where
�2 /�z2=−4	q2n�2� /mc2. Combining these equations we ob-
tain

� �2

�t2 + �
�

�t
+ �p

2�n�2� =
noc2

2

�2�a · a�
�z2 , �5a�

� �2

�t2 + �
�

�t
+ �p

2�vz
�2� = −

c2

2

�2�a · a�
�z � t

. �5b�

The terahertz field is driven by the high frequency com-
ponents of a ·a at 2�o and �o, i.e., a ·a= �a1

2 /4�exp�2i�1�
+ �a1

�a2 /2�cos � exp�i��2−�1��+c.c. The solution of Eq.
�5a�, with the appropriate high frequency terms in a ·a which
drive the terahertz radiation, is

n�2� =
noc2

2 
 k1
2a1

2 exp�2i�1�
4�o

2 + 2i�o� − �p
2

+
�1/2��k2 − k1�2a1

�a2 cos � exp�i��2 − �1��
�o

2 + i�o� − �p
2 + c.c.� .

�6�
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Combining Eqs. �4� and �6�, the ponderomotive plasma cur-
rent density for terahertz generation, Jpond=qn�2�v�

�1�, is given
by

Jpond = −
qnoc3

8
� �k2 − k1�2�1 + i�/�0�

�0
2 + i��0 − �p

2 cos �ê1

+
2k1

2�1 − i�/2�0�
4�0

2 + 2i��0 − �p
2 ê2�a1

��2a2 exp�i�kz� + c.c.,

�7�

where �k=k2−2k1= �3 /4���p /�o��p /c. In obtaining �k, fi-
nite laser spot size effects are neglected since �p

2rL
2 /c2�1. In

the regime where �o� �� ,1 /�L� and �o��p the current den-
sity in Eq. �7� reduces to

Jpond = −
qnoc

8
�a1

��2a2 exp�i�kz�ê� + c.c., �8�

where ê�=cos �ê1+ �1 /2�ê2.

2. Current density due to relativistic effects

The third order fluid velocity obtained from Eq. �3� is
given by

� �

�t
+ ��v�

�3� = − vz
�2��c

�a

�z
+

�v�
�1�

�z
� + �v�

�1�

c
·
�a

�t
�v�

�1�

+
c

2
�v�

�1�

c
·

v�
�1�

c
� �a

�t
, �9�

which for �o�� reduces to �� /�t+��v�
�3�

= �c /2�����a ·a�a� /�t�. The terahertz plasma current density
due to relativistic effects is Jrel=qnov�

�3� and is given by

Jrel �
qnoc

8�1 + ��L�
�a1

��2a2 exp�i�kz�ê� + c.c., �10�

where only terms that drive the terrahertz radiation are re-
tained in �a ·a�a, i.e., �a ·a�a= �1 /4��a1

��2a2 exp�i�kz�ê�

+c.c.

D. Current density source for terahertz radiation

From Eqs. �2�, �8�, and �10� the total driving current for
the terahertz radiation is

JTHz � −
qnoc

8
� ��L

1 + ��L
��a1

��2a2 exp�i�kz�ê� + c.c.

�11�

In the absence of collisions Jpond�−Jrel and the net cur-
rent density that drives the terahertz radiation nearly van-
ishes. In the parameter regime ��L�1, the ponderomotive
current density far exceeds the relativistic current density,
i.e., Jpond�Jrel and the total driving current for the terahertz
radiation is

JTHz � −
qnoc

8
�a1

��2a2 exp�i�kz�ê� + c.c. �12�

For the parameters considered here, ��L�1, as discussed in
the following subsection.

The driving source for the terahertz radiation can be
represented by a nonlinear polarization field PTHz

�3� with
a third order susceptibility ��3�, where PTHz

�3� = �i /��JTHz
= �1 /4���3��E1�2E2ê�. Using Eq. �12� we find that

	��3�	 =
1

16�2	
��p

�o
�2�q�L

mc
�2 1

�o�L
. �13�

The susceptibility associated with the Kerr effect in neutral
air �at STP� is �Kerr

�3� �1.2
10−17 esu �23�. For picosecond
laser pulses and fully ionized air, the susceptibility in Eq.
�13� associated with the terahertz generation process consid-
ered here is comparable with �Kerr

�3� . However, it should be
noted that Eq. �13� applies to a plasma and therefore the
process considered here has the potential to scale to high
powers without the breakdown issues associated with air.

E. Electron collision frequency

The total electron collision frequency is the sum of the
electron-ion and electron-neutral collision frequencies,
�=�ei+�en �24�. The electron-ion collision frequency is
given by �ei�s−1��3
10−6�ln ��n�cm−3��We�eV��−3/2�3

10−5n�cm−3��We�eV��−3/2, where the gas is assumed to be
singly ionized, we have taken ln �=10, n is the electron
density, We��Wosc

2 +Te
2�1/2, Wosc is the electron oscillation

energy in the laser fields, and Te is the electron tempera-
ture. The electron oscillation energy is Wosc�eV�
=m�qEL / �2m�o��2=9.35
10−14����m��2IL�W /cm2�, where
IL=cEL

2 / �8	� is the laser intensity and EL�V /cm�
=27.4�IL�W /cm2��1/2 �linear polarization� is the laser electric
field. For the laser intensities considered here, Wosc�Te. Fur-
thermore, the plasma is not in local thermodynamic equilib-
rium �LTE� since the time required to reach LTE, �LTE, is
much greater than the laser pulse duration, i.e., �LTE
� �M /m��−1��L, where M is the molecular mass.

The electron-neutral collision frequency is �en�s−1���nn
−n��nv�2
10−7�nn−n��cm−3��We�eV��1/2, where �n is the
molecular cross-section, nn=2.7
1019 cm−3 is the neutral
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FIG. 2. Normalized electron collision frequency as a function of
electron density in air. Solid dashed curve denotes electron-ion col-
lision frequency, dashed curve denotes electron-neutral collision
frequency. The ambient neutral density of air is taken to be nn

=2.7
1019 cm−3. The electron oscillation energy, Wosc, in the field
of the laser which has intensity �1014 W /cm2, is taken to be 10 eV
��Te�. Note that the plasma is not in LTE. In the examples in the
text we assume a fully ionized plasma, hence, ��L�1.
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density of air and v is the electron velocity. The electron-ion
and electron-neutral collision frequencies are plotted in Fig.
2 as a function of electron density. An electron oscillation
energy of 10 eV has been assumed in the presence of a laser
field of intensity 1014 W /cm2. For a wide range of electron
density, the electron collision frequency, ��1 /�L. In the ex-
amples that follow, we assume that the plasma is fully ion-
ized, and for simplicity, use Eq. �12� for the terahertz current
source.

III. TERAHERTZ RADIATION ENERGY
SPECTRUM IN THE FAR FIELD

The terahertz driving current, Eq. �12�, can be expressed
in the form

JTHz�x,y,z,t� = ĴTHz��x,y�cos��kz + �����L0/2 − 	z	�


exp�− �t − z/Vg�2/�L
2�ê�, �14�

where ĴTHz= �qnoc /4�	�a1
��2a2	, ��x ,y� characterizes the

transverse profile, ��x� is the Heaviside function, Lo is the
interaction length, Vg is the group velocity and �� is the
phase. In the representation for the current the two-color la-
sers are taken to be overlapping, having a Gaussian profile
with pulse duration �L.

The interaction length is determined by a number of fac-
tors, including the diffraction of the fundamental wavelength
laser pulse and group velocity slippage of the fundamental
relative to the second harmonic. The group velocity of the
fundamental and 2nd harmonic in plasma, normalized to c is
approximately �g�0,2��c�1+�p

2 / �2�0,2
2 ��−1, where the sub-

scripts �0, 2� denote the fundamental and second harmonic,
respectively. The slippage-limited interaction length is
L0,slip�c�L / ��g2−�g0�. The actual interaction length is the
smaller of L0,slip and the Rayleigh length of the fundamental,
ZR1=	rL

2 /�1, where rL is the laser spot size and �1 is the
fundamental wavelength.

A. Terahertz field

The terahertz field is given by ��2−c−2�2 /�t2�E
=4	c−2�JTHz /�t, which has the exact solution

E�x,y,z,t� = −
1

c2�
−�

�

dxo�
−�

�

dyo�
−�

�

dzo



��/�t�JTHz�xo,yo,zo,t − R̄/c�

R̄
, �15�

where E=Eê�, JTHz=JTHzê� and R̄= ��x−xo�2+ �y−yo�2+ �z
−zo�2�1/2. The Fourier transform of the terahertz field, defined

by Ê�x ,y ,z ,��= �2	�−1/2�−�
� dtE�x ,y ,z , t�exp�i�t�, is

Ê�x,y,z,�� =
i

�2

ĴTHz

c2

exp�i��/c�R�
R

���L�exp�− �2�L
2/4�


 �
−�

�

dxo�
−�

�

dyo�
−�

�

dzo��xo,yo�h�zo�


cos��kzo + ���


exp
− i
�

cR
�xxo + yyo + �z − cR/Vg�zo�� ,

�16�

where R= �x2+y2+z2�1/2, and we have used the relation

�
−�

�

d� exp�i���exp�− �2/�L
2� = �	�L exp�− �2�L

2/4� ,

together with the far field expansion R̄�R�1− �xxo+yyo
+zzo� /R2�. The far field limit is defined by, R�Lo ,c�L ,ro
where ro is the characteristic transverse dimension of the
terahertz current density. The transverse dimension of the
plasma generated by ionization of air is typically less than
the laser spot size.

To obtain the spectral and angular characteristics of the
terahertz radiation in the far field limit we use spherical co-
ordinates �R ,� ,��. Figure 3 shows the two-color laser pulses
together with the coordinate system used in the far field cal-
culation. The transformation between coordinates is given by
x=R sin � cos �, y=R sin � sin �, z=R cos �. The polariza-
tion of the two laser pulses determines the polarization of the
terahertz field through the driving current. The angular de-
pendence of the terahertz radiation field is with respect to the
polarization of the driving current which we have arbitrarily
chosen to be in the y direction, hence, ER=Ey sin � sin �,
E�=Ey cos � sin � and E�=Ey cos �.

The Fourier transform of the electric field in Eq. �16�, in
spherical coordinates, is

Ê =
ĴTHzVo

�2c2 
 exp�i��/c�R�
R

�G��,�� , �17�

where

G��,�� = 
 J1���/c�ro sin ��
��/c�ro sin �

�H��,�����L�exp�− �2�L
2/4� ,

�18�
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RTwo-color
laser pulse

FIG. 3. Two-color laser pulse propagating along the z axis. The
Cartesian coordinate system and the spherical polar coordinate sys-
tem used in calculating the terahertz radiation characteristics in the
far field are indicated.
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H��,�� =
2i

Lo
�

−�

�

dzoh�zo�


cos��kzo�exp�− i��/c��cos � − c/Vg�zo�

= i
 sin��� − �R��o�
�� − �R��o

+
sin��� + �R��o�

�� + �R��o
� , �19�

�R���=�kc��g
−1−cos ��−1, �o���= ��g

−1−cos ��Lo / �2c�, Vo
=	ro

2Lo is the volume of the source and we have set ��=0.
In obtaining Eq. �17� the following relation was used

�
−�

�

dxo�
−�

�

dyo��xo,yo�exp�− i��/c��xo sin � cos �

+ yo sin � sin ��� = 2	ro
2J1���/c�ro sin ��

��/c�ro sin �
,

where �=1, for �o�ro and 0 otherwise.
In general, the directionality of terahertz emission de-

pends strongly on the assumed parameters, for example,
plasma density, pulse duration, and laser wavelength. In what
follows, we calculate the emitted radiation in the time do-
main for the particular case of an ultrashort laser pulse with
�=0.8 �m, �L�100 fs, and its second harmonic propagat-
ing in fully ionized air.

The function G�� ,�� is largest for frequencies ��1 /�L.
Hence, for angles �ro /c�L�sin ��1, i.e., in the near-
forward and near-backward directions, we can set
J1��� /c�ro sin �� / ��� /c�ro sin ���1 /2 and analytically
evaluate the time-domain terahertz field writing Eq. �17� as

E�t� �
E0

2
�

−�

� d���L�
�2	

exp�i��t − R/c��H��,�����L�


exp�− �2�L
2/4� , �20�

for angles ���0,	�, where E0� ĴTHzV0 / ��2Rc2�L�.
Forward terahertz field ���0�. In the near-forward

direction, we can assume that ��1 /�L��R for �g�1 and
approximate Eq. �19� as H���0,��
�2i sin��R�o�cos���o� / ��R�o�.

The time-domain terahertz field in the near-forward direc-
tion is then given by

E�t� � �2E0
sin��kL0/2�

�kL0/2
���̄R − �̄o�e−��̄R − �̄0�2

+ ��̄R

+ �̄o�e−��̄R + �̄o�2
� , �21�

where �̄R=�R /�L, �R= �t−R /c� is the retarded time, and �̄o
=�o /�L. The forward-directed field is characterized by two
single-cycle pulses, each with duration ��L and separation
2�o. The pulses result from the interaction of the drive laser
pulses with the plasma gradient in the front and back of the
interaction region. For �o��L, the terahertz field is a single-
cycle pulse given by

E�t� � 2�2E0
sin��kL0/2�

�kL0/2
�̄Re−�̄R

2
. �22�

Backward terahertz field ���	�. In the backward direc-
tion, �R��kc /2. For typical parameters, e.g., a 100 fs laser
pulse propagating in fully ionized air, �R�1 /�L, and fR
=�R / �2	��2.1 THz. If the length of the interaction region
is long compared to the pulse length �L0�c�L�, the integrand
of Eq. �20� is sharply peaked about frequencies �= ��R. In
this case, we can approximately integrate Eq. �20� giving

E�t� � �2	E0��R�L�� �L

2�o
�exp�− ��R�L�2/4�


sin��R�R����o − 	�R	� . �23�

The backward terahertz pulse has a duration �L0 /c and a
frequency �R��kc /2.

B. Terahertz energy

The total terahertz energy radiated is WTHz=�−�
� dt�S ·dA,

where S=cE
B /4	 is the Poynting flux and dA
=R2 sin �d�d�êR=R2d�êR is the differential area in a plane
perpendicular to the unit radial vector, êR=sin � cos �êx
+sin � sin �êy +cos �êz, and d�=sin �d�d�. The total radi-
ated terahertz energy can be written as

WTHz = R2�
�

d��
−�

�

dt�S · êR� . �24�

The radial component of the Poynting flux integrated over
all time is

�
−�

�

dt�S · êR� = i
c2

4	
�

0

� d�

�
�Ê 
 � 
 Ê� − Ê� 
 � 
 Ê� · êR

=
c

2	
p���h��,���

0

�

d�ÊÊ�, �25�

where h�� ,��= �1−sin2 � sin2 �� and

p��� = 2 cos2 � + 1/4. �26�

The total terahertz energy radiated can be written as

WTHz = �
�

d��
0

�

d�
�2W̃̃THz

�� � �
= �

0

�

d�
�W̃THz

��
, �27�

where �2W̃̃THz /���� is the total energy per solid angle per

frequency interval and �W̃THz /�� is the total energy per unit
solid angle. Comparing Eq. �24� with Eq. �27� and using Eq.
�25� we find

�2W̃̃THz

�� � �
=

cR2

2	
p���h��,��ÊÊ� =

�ĴTHzVo�2

4	c3�L
p��� f̃̃��,�,�� ,

�28�

where f̃̃�� , ,��=�Lh�� ,��	G�� ,��	2 characterizes the angu-

lar and frequency dependence, and ĴTHz is proportional to the
plasma density and scales with laser intensity as I1

�I2. The
polarization function p��� is maximum for �=0, i.e., when
the lasers are aligned.
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The amplitude of �2W̃̃THz /���� is large when �R�L�1
and �Rr0 /c�1, i.e., for backward emission ���	 /2�. Addi-
tionally, for interaction lengths L0� �r0 ,c�L�, the function

�2W̃̃THz /���� is sharply peaked about frequencies ��R.
Hence, in this parameter regime, the frequency integration in
Eq. �27� can be carried out approximately to give

�W̃THz

��
�

�ĴTHzVo�2

2c3

�R

�kL0
p���h��,���
 J1���R/c�ro sin ��

��R/c�ro sin �
�


��R�L�exp�− �R
2�L

2/4��2

, �29�

where it was assumed that �kL0�1.
The spectral distribution function integrated

over all solid angles is WTHz= p����oWo�a1
2a2�2,

where Wo= �ĴTHzVo�2 / �4	c3�L�= �qNe�2 / �64	c�L�,
Ne=no�	rL

2Lo�, �o=�L�d�d�h�� ,��	G�� ,��	2, a1,2=8.6

10−10�1,2��m��I1,2�W /cm2��1/2 and �1,2=�o ,�o /2. The to-
tal terahertz energy in practical units can be written as

WTHz�pJ� = 3 
 10−10p����0�ne/nn�2ro
4Lo

2

�L
�1

6I1
2I2. �30�

where ro and �1 are in units of microns, Lo is in centimeters,
�L in picoseconds, and I1 and I2 are in TW /cm2. For typical
experimental parameters, the total radiated terahertz energy
according to Eq. �30� is on the order of multiple picoJoules,
as discussed in the following section.

IV. DISCUSSION

The four-wave mixing process considered here for tera-
hertz generation has a number of characteristics that can be
compared with experiments. From Eq. �28� we note that �1�
the total terahertz energy is proportional to I1

2I2, i.e., the tera-
hertz field amplitude is proportional to I1

�I2 and �2� the tera-
hertz emission is maximized when the polarization of the
laser beams and the terahertz are aligned �Eq. �26��. Both of
these features are in agreement with experimental observa-
tions �9�.

To quantify the theoretical predictions, we consider tera-
hertz generation in fully ionized air at atmospheric pressure.
The fundamental wavelength is �o=0.8 �m. The laser inten-
sities are assumed to be equal, I1= I2=2
1014 W /cm2 �a1
=10−2 , a2=0.5
10−2�, the laser pulse durations are �L
=100 fs �c�L=30 �m�, and the laser spot sizes are rL
=40 �m. The group velocity of the fundamental laser pulse
is �0.992c. The group velocity slippage length of the funda-
mental relative to the second harmonic is L0,slip�0.5 cm,
which is comparable to the Rayleigh length, 	rL

2 /�0
�0.6 cm. In the examples that follow, we assume an inter-
action length L0=0.5 cm. The radius of the terahertz current
is taken to be ro=15 �m. The interaction volume is Vo
=	ro

2Lo�3.3
10−6 cm3. For these parameters, the number
of electrons in the interaction volume is Ne=no	rL

2Lo�1014,
Wo= �qNe�2 / �64	c�L��0.4 k J, and �0�10−2. The total

terahertz energy radiated according to Eq. �30� is WTHz
�2 pJ.

The normalized time-domain terahertz electric field in
various directions is plotted in Fig. 4. For these parameters,
E0= �2	�0 / �c�L��1/2 /R�8.3 MV /cm at a distance of R
=1 m. The field profile in the forward direction is character-
ized by a single-cycle pulse with duration of order ��L with
an amplitude of �20 kV /cm. In the backward direction, the
terahertz pulse has duration �360�L and frequency fR
=�R / �2	��2.1 THz. In both the forward and backward di-
rections, the analytic expressions for the terahertz field, i.e.,
Eqs. �21� and �23� are in excellent agreement with the

0) =θa

o65) =θb

o180) =θc

( ) LcRt τ//−

10
3

E
(t

)
/E

0

0) =θa

o65) =θb

o180) =θc

( ) LcRt τ//−

10
3

E
(t

)
/E

0

FIG. 4. Terahertz electric field obtained by inverse Fourier trans-
form of Eq. �17� for parameters n0=2.7
1019 cm−3, �o=0.8 �m,
I1= I2=2
1014 W /cm2, �L=100 fs, rL=40 �m, ro=14 �m, R
=1 m, Vg /c=0.992, L0=0.5 cm. The field is normalized to E0

= ĴTHzV0 / ��2Rc2�L� and plotted as a function of normalized delayed
time �t−R /c� /�L for angles �a� �=0, �b� �=65°, and �c� �=180°.
For these parameters, E0�8.3 MV /cm.
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numerical inverse Fourier transform of Eq. �17� for these
parameters. Figure 4�b� plots the laterally emitted terahertz
field at an angle �65°, obtained by numerical inverse Fou-
rier transform of Eq. �17�. The field is characterized by a
pulse of duration �100�L with large-amplitude, single-cycle
structures at the leading and trailing edges. The single-cycle
structures result from the interaction of the drive lasers with
the plasma gradients at the front and back of the interaction
region.

Figure 5 shows the spatial distribution of the emitted tera-

hertz energy integrated over all frequencies, i.e., f̃�� ,��
=�L�0

�h�� ,��	G�� ,��	2d�. The radial extent of the surface in

a given direction �� ,�� represents the amplitude of f̃ . The
surface is slightly flatter in direction of polarization of the
terahertz field. The emitted terahertz energy is largest in the
backward direction. The amplitude of the forward-emitted
terahertz is not visible on the plotted scale.

Figure 6 shows the spatial distribution of terahertz energy

integrated over azimuthal angle, i.e., g���=�0
2	 f̃�� ,��d.

Terahertz energy emitted in the backward direction is more
than two orders of magnitude larger than in the forward di-
rection. The parameters are the same as in Fig. 4.

Figure 7 plots the terahertz amplitude function f̃̃ inte-
grated over azimuthal angle, �, as a function of normalized
frequency, ��L, and angle, �. The terahertz emission spec-
trum in the backward direction is sharply peaked at fre-
quency ��L�1.3, i.e., �2.1 THz. The central terahertz fre-
quency increases and emission amplitude decreases as �
decreases.

Finally, we note that the direction of terahertz emission is
a sensitive function of the assumed parameters. For example,
if the air is not fully ionized and the plasma density is as-
sumed to be �1018 cm−3, the direction of radiation is prima-
rily within a small-angle cone in the forward direction, as
indicated by the dashed curve in Fig. 6.

V. SUMMARY

We have presented a theoretical model for terahertz gen-
eration based on four-wave mixing of fundamental and sec-
ond harmonic ultrashort laser pulses in collisional plasma.
The model reproduces a number of properties of terahertz
radiation observed in recent experiments �9�. For example,
the terahertz field amplitude is proportional to I1

�I2, the tera-
hertz emission is maximized when the polarization of the
laser beams and the terahertz are aligned. The emitted tera-
hertz field in the forward direction is on the order of tens of
kV/cm and is characterized by an approximately single-cycle
pulse with duration comparable to that of the drive laser
pulses. In addition, the model also predicts that for the as-
sumed parameters, e.g., fully ionized air, the terahertz energy
emitted in the backward direction �relative to the propagation
of the drive laser pulses� is orders of magnitude larger than
in the forward direction and contains many oscillations at
frequency �1 /�L��2.1 THz�.

The terahertz generation process can be can be repre-
sented by a nonlinear polarization field with a third-order

-2 0

backward forward

-1 1

),(
~

103 ϕθf

-3
-2

0

2

x̂yETHz ˆ,
r

ẑ
-2 0

backward forward

-1 1

),(
~

103 ϕθf

-3
-2

0

2

x̂yETHz ˆ,
r

ẑ

FIG. 5. Spherical polar plot of f̃�� ,��
=�L�0

�h�� ,��	G�� ,��	2d�, i.e., the normalized energy per unit solid
angle. The angles � and � are defined in Fig. 2. The radial extent of

the surface denotes the magnitude of 103 f̃ in the direction �� ,�.
The terahertz electric field is polarized in the y direction. Param-
eters are the same as for Fig. 4.

)(~ θg

θ
π4/3π2/π4/π0

forward backward

)(~ θg

θ
π4/3π2/π4/π0

forward backward

FIG. 6. Normalized terahertz amplitude function, integrated

over azimuthal angle and frequency, i.e., g̃����103�0
2	 f̃d, plotted

as a function of angle �. Curves correspond to fully ionized air
�solid curve�, and partially ionized air �n=1018 cm−3, dashed
curve�. Other parameters are the same as for Fig. 4.

θ [rad]

ωτ

L

g
~~

θ [rad]

ωτ

L

g
~~

FIG. 7. Normalized terahertz amplitude function integrated over

azimuthal angle, i.e., g̃̃�� ,����0
2	 f̃̃d, plotted as a function of nor-

malized frequency, ��L, and angle, �. Parameters are the same as
for Fig. 4.
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susceptibility. The relativistic and ponderomotive contribu-
tions to the susceptibility nearly cancel in the absence of
electron collisions. Therefore, in this terahertz generation
mechanism, collisional effects play a critical role. For pico-
second laser pulses and fully ionized air, the nonlinear sus-
ceptibility associated with the terahertz generation process is
comparable with the nonlinear Kerr index of air. However, it
should be noted that the nonlinear susceptibility calculated
here applies to plasma, so that this process has the potential

to scale to high powers without the breakdown issues asso-
ciated with air.
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